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Abstract
In the following we present kernels on most countable sets together adjoint kernels associated, determinated by a remarcable
measure, the Green function, kernels on ordered sets specially on natural numbers set N∗.
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1. The kernels on most countable sets
Let be X a most countable set. We consider on X σ-algebra P(X), hence any map f : X → R+ is measurable.
Obviously any measure μ on X will be determinated by its values on {x}, x ∈ X.
If μx = μ ({x}), we will have, μ(A) = ∑x∈A μx, ∀ A ⊂ X and
∫
f dμ =
∑
x∈X f (x)μx, ∀ f : X → R+ (∞ · 0 = 0).
A remarcable measure on X is measure m, deﬁned by m({x}) = 1, (∀) x ∈ X.
Therefore m(A) =
⎧⎪⎪⎨⎪⎪⎩
card A, if A ﬁnite
+∞, if A inﬁnite , A ⊂ X and for any f : X → R+ we will have
∫
f dm =
∑
x∈X f (x).
Deﬁnition 1. If (X,B) is a measurable space and pB the numerical positive measurable functions on E we denote a
kernel on (X,B) a map V : pB → pB with properties:
1. V0 = 0
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2. V(
∑
n fn) =
∑
n V( fn).
Deﬁnition 2. A map s ∈ pB is called V-supermedian if Vs ≤ s.
So any kernel V will be completely determined by the values of V on characteristic maps 1{x} of sets {x}, x ∈ X.
We will have
f =
∑
x∈X f (x) · 1{x}
V f =
∑
x∈X V1{x} · f (x) .
Noting vxy := V1{y}(x) we obtain a matrix (vxy)x,y∈X of numbers from R+, which determine V , since we have
V f (x) =
∑
y∈X vxy f (y), where to use the convention 0 · (+∞) = 0.
Proposition 1. Let be V a kernel on X and (vxy)x,y∈X associated matrix with V such that vxy = V1{y}(x). Then V is
proper if and only if vxy ∈ R, ∀ x, y ∈ X.
Let be now P a kernel on X and GP the potential kernel associated with P. Recall that P is called transient if kernel
GP is proper.
We denote for x ∈ X with Gx the map on X deﬁned by Gx(y) = Gp({x})(y).
Indeed Gp will be proper
P1⇔ Gx ﬁnite, ∀ x ∈ X.
The map Gx is called Green function (associated with P) with pole at x.
If f : X → R+ is a function, then noting G f = GP f ⇒ G f = ∑x∈X Gx f (x) (+∞ · 0 = 0)
2. Adjoint of kernel
If V is a kernel on X, with V1{y}(x) = vxy is called adjoint of V (with respect to measure m) the kernel denoted
with V∗ such that V∗1{x}(y) = vyx = V1{y}(x). From the deﬁnition it follows that V
∗ is unique kernel on X with property∫
V f · gdm = inf f V∗gdm, ∀ f , g : X → R+. From deﬁnition it follows that (V∗)∗ = V.
Proposition 2. Let be P,Q kernels on X. Then we have
(PQ)∗ = Q∗P∗
(GP)∗ = GP∗
Proposition 3. Let be P a kernel on X and P∗ its adjoint (with respect to measure m). Then noting with Gx (respec-
tively G∗x) then Green function associated with P (respectively P∗) with pole at x we have Gx(y) = G∗y(x).
3. The potential theory on ordered sets
Let be (X,≤) an ordered set. We suppose that the set is locally ﬁnite, i. e ∀ x, y ∈ X the set [x, y] := {z ∈ X | x ≤
z ≤ y} is ﬁnite.
If x ∈ X then
(−∞; x] = {z ∈ X | z ≤ x}
[x;+∞) = {z ∈ X | x ≤ z}
Deﬁnition 3. If x ∈ X, is called previous of x an element y ∈ X, y < x such that  z ∈ X, with y < z < x. The previous
set of x is denoted by Πx.
If x ∈ X then for any y ∈ X is denoted by ωy(x), number elements of set [y, x].We remark that ωy(x) = 1⇔ y = x,
ωy(x) = 0⇔ y ≤ x and ωy(x) = 2⇔ y ∈ Πx.
If x ∈ X, x is minimally⇔ Πx = φ.
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Deﬁnition 4. Is denoted with P kernel on X, deﬁned by
P f (x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∑
y∈Πx f (y), if Πx  φ
0, if Πx = φ.
For x ∈ X is denoted withAx the parts of set X (A ⊂ X) with the property x is a strict upper bound for A and any two
distinct elements of A are incomparable. Obviously Πx ∈ Ax.
Proposition 4. A map f : X → R+ will be totally increasing⇔ f is P-supermedian.
If we denote for any x, y ∈ X with C(x, y) the set of maximal total ordered parts from [x, y] then if Gx is Green
function (associated with P) with pole at x for any y ∈ X with ωx(y) ≤ n we have Gx(y) = card (C(x, y)).
4. The potential theory on N∗
We denote by N∗ the natural numbers set n ≥ 2. On this set we consider the order relation given by divisibility (we
write x  y instead of x | y).We denote by P the set of prime numbers of N∗.
If x ∈ N∗ then x is minimally⇔ x ∈ P.
If x ∈ N∗ then y will be previous of x (y ∈ Πx) ⇔ (∃) p ∈ P such that x = yp. So y will be successor of
x⇔ (∃) p ∈ P, with y = px.
We will denote with P the kernel on N∗ deﬁned by
P f (x) =
⎧⎪⎪⎨⎪⎪⎩
∑
p∈P f
(
x
p
)
, if x  P
0, if x prime,
and P∗ adjoint of P with respect to measure m, i. e. P∗ f (x) =
∑
p∈P f (xp).
If x ∈ N∗ and we use the decomposition in prime factors of x, x = Πp∈Ppxp , where xp is the biggest natural number
such that pxp | x.
Then for any x, y ∈ N∗, x = Πp∈Ppxp , y = Πp∈Ppyp ,
Gx(y) =
⎧⎪⎪⎨⎪⎪⎩
0, if x  y
(∑p∈P(yp−xp))!
Πp∈P(yp−xp)! , if x  y
Therefore any P-supermedian map is of the form G f , with f ≥ 0.
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